The eect of the magnetic breakdown on the dHvA oscillation is studied by full-quantum numerical calculation for a two-dimensional model. We demonstrate that the interference dierence oscillation, usually designated as 0, exists even in the thermodynamic quantity; this result is contrary to the conventional semi-classical picture. In addition, the dependencies of various oscillations of the magnetization on the eld, temperature and band gap are examined thoroughly and compared with the semi-classical theory by Falicov and Stachoviak, which is based on the Pippard's coupled network model and the Lifshitz-Kosevich formula. We discuss the relevance of our calculation to the observed interference dierence frequencies in the dHvA oscillation of magnesium and in the SdH oscillation of two-dimensional organic conductors.
In this paper we study the magnetic oscillation by full quantum calculation in order to reveal the quantum eect due to the magnetic breakdown in a thermodynamic quantity, which was totally missed in the past theory. We numerically compute the magnetization of a two-dimensional conductor, which has the Fermi surface topology as shown in Fig. 1(a) , on the basis of a tight-binding model where the magnetic eld is introduced by the Peierls substitution without any further approximation.
B. Detailed introduction
The thermodynamic and transport quantities of conductors oscillate periodically as a function of the inverse of the applied magnetic eld. These MO's are due to the Landau quantization of the electronic states, which yields periodical sharp peaks in the density of states of electrons. It is well known that the frequency of the MO is related to the the Fermi surface geometry. Further, the amplitude of the MO is related to the electronic eective mass and relaxation time. All of these are put together in what is called the Lifshitz-Kosevich (LK) formula. [1] The formula has been used successfully in determining the properties of the conduction electrons near the Fermi surface from the MO experiments. However, the LK formula becomes invalid, when the eld becomes too strong; under such elds, some new frequencies not expected in the LK formula appear in the MO because of the magnetic breakdown.
In order to explain the MB, let us introduce a simple two-dimensional model. The electrons move on the xy-plain; a scalar potential alternates along the y-axis with the amplitude V ; a magnetic eld is applied in the z-direction. If V were zero, the Fermi surface would be as shown in Fig. 1(b) . Owing to V , however, the rst Brillouin zone (BZ) is halved, and the energy gap opens at the BZ boundaries. Thus, the actual Fermi surface is as in Fig. 1(a) . Under the magnetic eld, the electron moves semi-classically along the Fermi surface in the direction indicated by the arrows in Fig. 1 .
We use this model throughout this paper because it is simple but resembles some real substances. Incidentally, let us dene and clarify a few terms used in this paper. In perfectly two-dimensional systems like our model, the true Fermi surface is cylindrical. We call its cross section simply the Fermi surface, whereas it is a set of the equi-energy lines having the Fermi energy. Sometimes, we also call this equi-energy line the orbit, since the electron moves along this line in the semi-classical picture. We designate the small closed orbit in Fig. 1(a) as the orbit and the large closed orbit in Fig. 1(b) as the orbit. The other orbits are also labeled as indicated in Fig. 2 . We call the line shown in Fig. 2 the 0 orbit for convenience, though it is not an orbit in the usual sense; the circulation along this line is prohibited by the semi-classical motion plus tunneling, as seen from the arrows attached on the line.
The LK formula assumes that the Landau quantization occurs only when the orbit is closed. Therefore, the number of the frequencies appearing in the MO is equal to the number of the closed orbits, because the MO frequency is proportional to the orbit area [17] . In our model, when V = 0 [ Fig. 1(b) ], only the frequency due to the orbit appears; on the other hand, when V 6 = 0, however small it is [ Fig. 1(a) ], only the frequency due to the orbit appears. Hence, an innitesimal value of V changes the oscillation frequency discontinuously, according to the LK formula.
The discontinuity, however, is articial. In fact, contrary to the LK formula, the MO frequency attributable to the orbit appears even when V 6 = 0. The reason is that the electron can tunnel through the band gaps, so that the orbit, though disconnected, can be traced by some electrons. The tunneling probability is unity when V = 0 and decreases as V increases continuously. Therefore, the amplitudes of the and oscillation also changes with V in a continuous manner.
Pippard proposed a theory of the MO with MB, on the basis of the coupled network model he devised. [5, 6] His theory explains the appearance of the frequencies due to the MB, but the eect of the temperature and relaxation time cannot be incorporated into it. Then, to incorporate them, Falicov and Stachoviak (FS) made a formula in which the tunneling process is taken account in the LK formula on the basis of Pippard's coupled network model. [9] This FS theory has been successful to some extent and has become the standard theory of the MO with MB. [3] Nonetheless, it is incomplete. Actually, there appears the MO frequency which is prohibited in the FS theory.
In the SdH experiments of some organic conductors which resemble our model, the frequency corresponding to the 0 orbit area is observed. [10,12,14{16] There is an opinion [10] that this is due what is called the Stark quantum interference [4] characteristic to the transport quantity, so that this kind of prohibited frequency cannot appear in the thermodynamic quantity. At the same time, there is an experiment in which the same kind of prohibited frequency is observed in the dHvA oscillation of magnesium. [18, 19] Hence, no consensus exists on whether the prohibited frequency can appear in the thermodynamic quantity.
To settle this issue is one of the main purposes of this paper. We study the MO of the magnetization when the MB occurs, by full-quantum numerical calculation; we examine the MO frequency and amplitude in varying the temperature, eld and band gap.
The main conclusion of this paper [20] is that the prohibited 0 oscillation appears in the thermodynamic quantity with a substantial amplitude. In Sec. II, our model and method of calculation are described. In Sec. III, we review the LK formula and the FS theory. In Sec. IV, our results are shown and compared with the LK formula and the FS theory. In Sec. V, we discuss the experimental results, our intuition on the appearance of the semi-classically prohibited frequency and the future problems. In Sec. VI, the conclusion is given.
II. FORMULATION

A. Model
We use a two-dimensional tight-binding model on a rectangular lattice that is perfect and rigid. The Fermi surface is shown in Fig. 1(a) . The lattice spacings in the x-and y-direction are a and b 0 = b=2. Yet, the size of the unit cell is a2b, since an on-site potential alternates along the y-axis; the amplitude of the periodic potential is V . The nearest neighbor transfer integral is t=2; for simplicity, we take the same value for both directions, and assume no other transfer than the nearest neighbor ones. We ignore the spin of the electron to avoid additional complications. We keep away from the many-body interactions. The magnetic eld H = (2 hc=eab)h is applied in the z-direction. Our Hamiltonian is the sum of the kinetic energyK and the periodic potentialV: = abH is the ux passing through a unit cell, 0 = 2 hc=e is the unit ux quantum, and h = = 0 is the number of the ux quantum per unit cell. We represent the magnetic eld by h, henceforth.
Let us discuss the appropriateness of our model for the study of the MB. We obtain two bands, if we diagonalizeĤ(0). If we had made the Peierls substitution in these two bands after the diagonalization, we could not see the MB, since each band would be quantized independently without aecting each other. Only by simultaneously (i) introducing the magnetic eld in the kinetic energyK and (ii) adding the periodic potentialV, we can make our model suitable to the study of the MB. Our model corresponds to the continuum model, where the periodic potential and the uniform magnetic eld are introduced by the usual way:Ĥ = 1 2m (0i hr + e c A) 2 + V (r):
Although the continuum model is simpler for analytical studies, the discrete tight-binding model like ours can be treated more easily in numerical calculations.
B. Method
By diagonalizing the HamiltonianĤ(h) under the proper periodic boundary condition, we obtain the (one-body) energy eigenvalues " h l , which depend on h and the band parameters. The number of the eigenvalues equals N sys , the system size (the number of the lattice sites).
From the obtained energy eigenvalues, the magnetization is calculated for a given magnetic eld h, temperature T and number of the electron per site n, as follows. In addition to the frequency f, the FTA depends on T and V and further on 2L and h 01 c , the width and center of the transformation range, whereas they are not written explicitly.
When we want to know what frequency component is contained in the oscillation, we take L as large as possible within our data. When we want to know the eld dependence of the amplitude, we choose, somehow, the appropriate width 2L and consider A(f) as a function of h 01 c . Finally, in our formulation, h must be a rational number, for the periodic boundary condition to be posed. In other words, the eld must be commensurate with the underlying lattice: h = q=p means q unit ux quanta per p unit cells, where q and p are mutually prime integers. Therefore we compute at as many rational h's as possible within the feasible computation time in order to make the discreteness of h smaller than the characteristic values of h, such as the oscillation periods. From the results shown in Sec. IV, we are certain that suciently dense and many h's are chosen.
III. SEMI-CLASSICAL THEORY
We review the LK formula and the FS theory, both of which are classied as a semi-classical theory in this paper, mainly in a form appropriate for our model.
A. Without MB: LK Formula
We write down the Lifshitz-Kosevich (LK) formula for a two dimensional spinless electron system in perfect rigid crystal. The oscillatory part of the total magnetization M LK is a linear combination of the parts due to the closed j orbit M LK j :
where
The oscillation amplitude,
is independent of the eld in two-dimensional cases. The temperature reduction factor R T j = j sinh j with j = 2 2 cm j T e hH ; (3.4) which is unity at T = 0, is governed by m j , usually called the cyclotron mass. The oscillation frequency f j = S j =S BZ ; (3.5) where S j is the j orbit area and S BZ the BZ area. The phase factor j is dicult to estimate generally, but mostly inessential for the analysis of the MO; we take the convention that j = 1=2 for a circular orbit in the parabolic band. The reduction factors due to the spin and relaxation time are absent because we consider the spinless fermion on a perfect rigid crystal. Now we restrict ourselves to the case where the Fermi surface is made of only one closed orbit labeled as in Fig. 1(b) . Then, the summation in (3.1) is over j = with = 1;2; 1 1 1 ; 1 and the following relations hold:
The component M LK of the frequency f is most naturally interpreted as a higher harmonics of M LK , but we interpret it as the fundamental frequency corresponding to the orbit designated as , which closes after circulation around the orbit.
Finally, we comment on the cyclotron mass. That of the non-interacting electron is determined by the band structure as
However, the mass is known to be aected by the many-body interaction. So, in experiments, it is usually a tting parameter. Nonetheless, since we also neglect the interaction in our model, we may compare our numerical results with the LK formula of the mass calculated by (3.7).
B. With MB: FS theory
The Falicov-Stachoviak (FS) theory adopts the following picture: The electrons trace many kinds of closed orbits by the semi-classical motion plus tunneling and the frequencies corresponding to these orbits appear in the MO, while no other frequency appears. In the following, we call this picture simply the semi-classical picture, to make contrast with our full-quantum calculation. [21] Like the LK formula, the oscillatory part of the magnetization M FS is a linear combination of M FS j , the part due to the allowed closed orbit labeled j:
The dierence from M LK is that various kinds of closed orbits are allowed in M FS owing to the tunneling. The amplitude and phase of each M FS j is modied from M LK j by the breakdown reduction factor R B j (h) = jR B j j exp(i2 B j ), namely as
(3.9)
The factor R B j is determined by the tunneling probability and the phase change at the junctions on the j orbit; let us see it in our orbits shown in Fig. 2 . On the orbit four equivalent junctions exist. Let the probabilities of transmission and reection to be jPj 2 and jQj 2 , which sum up to unity. The relative phase of P and Q is known to be =2, which is in fact comrmed by our calculations, while the absolute phases need not be known; [5] we can set P = ijP j and Q = jQj. Then, R B j = (ijPj) n 1j jQj n 2j (3.10) where n 1j and n 2j are the the numbers of the transmitting and reecting junctions around the j orbit. The pair of the numbers is written in Fig. 2 for each orbit. It is assumed that the eld dependence of the tunneling probability is described by [22] jPj 2 = exp(0h 0 =h); (3.11) in the wide range of the eld, while the rigorous validity has not been claried yet. [23] All the information of the band structure is contained in the breakdown eld h 0 . Chambers has given the formula for h 0 : [8] 
where 1= 1 and 1= 2 are the radii of the curvature of the nearest points on the two orbits, whose separation is k g (see Fig. 3 ). The rigorous validity of this formula is not known either. Finally, we list some shortcomings of the FS theory. As based on the LK formula, it takes over the restrictions of the formula: The eld should be much smaller than the characteristic energy scale of the band structure and the eect of the Landau level broadening or the socalled Harper broadening due to periodic potential is not taken account of, because it is based on the Onsager's argument. More importantly, it misses the quantum interference, which we do not touch on here.
Even apart from the above, the FS theory has shortcomings, concerning the treatment of the gap and tunneling. In eect, the FS theory takes the small V limit except in the estimate of the tunneling probability. Usually the area and mass are approximated by the values when V = 0, but the validity of the approximation is not clear at nite V 's. For example, the area and mass of the orbit, S and m , are not well dened. The relations such as f + = f + f and m + = m + m , which would hold in the small V limit, should be modied, while we do not know how modied. In addition, the orbits which have the same area in the limit have slightly dierent areas, so that a complex beating, which never appears in the FS theory, may appear. The phases of the tunneling probabilities P and Q are dierent for ! and ! ; the junction is exactly symmetric only in the small V limit. The range of the validity of (3.11), the formula for the eld dependence of the tunneling probability and (3.12), the formula for the breakdown eld, is not ascertained, either.
Most of these have been noticed and some of them has been tried to solve. It might be possible to improve the FS theory further a bit within the semi-classical picture. Nevertheless, making such eorts would be worthless, because the theory has a fatal deciency, missing the quantum interference.
In the next section, we compare the results of our calculation with the most simplest form of M FS presented in this section. In doing so, we should be careful whether the dierence is originated from the lethal fault of the semi-classical picture, or from the other shortcomings such as due to the small V limit.
IV. RESULTS
In Fig. 4(a) we show the distribution of the eigenvalues for V = 0 as a function of eld. This is nothing but the so-called Hofstadter buttery daigram. [24] The V 6 = 0 case is depicted in Figs. 4(b) and 4(c) where a similar but more intricate recursive band structures are seen, in particular the gap structures, which are emanating from " 60:7 indicted by the lines in Fig. 4(b) originate from the V 6 = 0 eect. The implications of these band structures are discussed later in connection with MO.
From the calculated energy eigenvalues, we derive the free or ground state energy and then by dierentiating it, we obtain the magnetization M. This full quantum mechanically calculated M is examined in this section, compared with the results of the earlier theories based on the semi-classical picture.
We use the following conventions: We measure the eld by h, the energies and temperature in the unit of t (thus v V=t) and the masses in the unit of 2 h 2 =tab which is the band mass at the bottom when v = 0. Then, (3.3), (3.4) and (3.7) are replaced as [12] The total band lling is dened as the sum of the k-space areas occupied by electrons in the two bands divided by the S BZ ; the lling ranges between 0 and 2. In our spinless model, it is equal to the number of electrons per unit cell 2n. We abbreviate A(f j ) as A j , the FTA of M at the frequency f j .
Below we show only the typical data while we have performed computation for much more various values of the parameters.
A. v = 0: without MB First, we consider the case without MB: v = 0. We show the results for the lling 2n = 2=3, when the Fermi surface is made of only the orbit as in Fig. 1(b) . We compare M with M LK of the LK formula.
(i) The frequencies of the oscillation completely agree. Fig. 5(a) shows E(h 01 ) and M(h 01 ), the ground state energy and zero-temperature magnetization as a function of inverse 12
eld; both oscillate with period of 3=2. Fig. 5(b) shows A(f), the FTA of M as a function of frequency; only the frequencies f ( = 1;2; 3;1 1 1) attributable to the closed orbit appear in exact accordance with the semi-classical picture. Note f (= 2=3) equals S =S BZ (= 2n).
(ii) The eld dependence of the FTA's agrees well at T = 0 as shown in Fig. 5(c) :
The lled and open circles are A j and A LK j for j = , 2 and 3 as a function of the center of the FT range h 01 c . Recall that according to the LK formula the amplitude is independent of eld in two-dimensional cases. In calculating the A LK , we put m = 1:9 and = 1=4; we estimate m from the band structure by using (4.1) and determine as a tting parameter.
(iii) The temperature dependence of the FTA of the oscillation also agrees. In Fig. 6 , the lled circles are A (T) and the lines denote A LK (T) regulated by the values at T = 0; various values of m are used in A LK as indicated in the gure. The agreement is rather well for m = 1:9 obtained from the band structure, while it is best for m = 1:78.
From the above, we conclude that the agreement between our full-quantum calculation and the LK formula is fairly good. This guarantees, though only partially, the correctness of our method of calculation. Thus, we can proceed to the case with MB at some ease.
B. v 6 = 0: with MB Now, we discuss the case with MB: v 6 = 0. We choose the values of v and n within the range where the Fermi surface topology is as in Fig. 1(a) .
Existence of 0 oscillation
We depict the same things in Fig. 7 as in Fig. 5 but for nite v = 0:09 for T = 0 and 2n = 7=9. It is easily seen from Fig. 7 (a) the smooth crossover from the slow oscillation to the rapid oscillation as h increases. The overall Fourier analysis is shown in Fig. 7(b) . This indicates various oscillation components to exist, including the 0 which is semi-classically prohibited in addition to the ones allowed semi-classically. In Fig. 7 (c) the amplitude changes of various oscillations are shown as a function of h 01 , indicating clearly the magnetic breakdown phenomenon, or the smooth crossover between the and the oscillations.
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To further conrm the existence of the 0 oscillation, we show M(h 01 ) and A(f) for various values of v and n at T = 0 in Fig. 8 . This tells that the 0 oscillation always exists with substantial amplitude whenever the and oscillations exist. From the above, it is established that the semi-classically prohibited 0 oscillation exists in the magnetization calculated full quantum-mechanically.
Field dependence
The eld dependence of A and A shown in Fig. 7(c) and Fig. 9 is qualitatively in accordance with the conventional picture of the MB: (1) In low elds, the tunneling rarely occurs so that only the orbit is traced semi-classically and that only the oscillation is prominent. (2) In high elds the tunneling occurs with high probability so that the orbit is traced mainly and that the oscillation becomes most outstanding.
Needless to say, there is no theory for the eld dependence of the semi-classically prohibited oscillation. Thus, we only describe the result: A 0 increases with eld, in the eld range we have studied, while we suspect that it may decrease in the much higher elds where the tunneling probability approaches unity.
Let us compare the eld dependence of M and M FS in more detail. To calculate A FS j , we need the breakdown eld h 0 . We estimate h 0 by using (3.12): The result is shown in the caption of Fig. 9 . From Fig. 9 , we see the disagreement even for the oscillations expected in the semi-classical picture: (i) the absolute magnitude and the crossover eld of the and oscillations disagree; (ii) + and 20 oscillations scarcely appear in M, whereas they appear in M FS ; (iii) the amplitude of 2 oscillation is remarkable in M, while it is not so in M FS . Thus, we can conclude that M diers much from M FS in the eld dependence, except a qualitative feature that the crossover between the and oscillations occurs. We have demonstrated the existence of the 0 oscillation with dierence frequency f 0 = f 0 f in the magnetization, when the MB occurs; this is prohibited in the semiclassical picture adopted by the FS theory. Although the detailed mechanism has not been revealed yet, we believe that the appearance of the 0 oscillation is a natural consequence of the quantum interference between the and oscillations. Moreover, whereas our calculation is based on the two-dimensional model, the interference dierence frequency appears even in three dimensional cases by the same reason.
If we neglect the tunneling process hypothetically, the and orbits would be quantized independently with dierent level spacings. Then, the eective tunneling probability should depends on the hypothetical density of states of both the starting and ending orbits. For example, if the levels coincide, the probability would be highest. The Landau quantizations of the two orbits would aect each other, so that the oscillatory component of the dierence frequency appears in the resultant true density of states. On the other hand, in the FS theory the tunneling process is taken account of only when the allowed orbits are selected. Once they are selected, the quantization is done for each orbit independently. The quantum interference is totally missed in the FS theory.
B. Frequencies from Band Diagram
We can explain the existence and crossover of the and oscillations from the band diagram of Fig. 4 . We presume that the 0 oscillation is also embedded in the diagram.
Nonetheless, we have not succeeded in nding it yet. We review the former in the following for the future reference when the latter is found.
We understand the oscillation and its higher harmonics expected by LK formula from the energy band structure in the magnetic eld. From Fig. 5(a) (5.1) The energy band structure in the magnetic eld at v = 0 is shown at Fig. 4(a) where the Fermi energy is indicated. From this gure, it is found that Fermi energy's jumps happen at h=2/3m (for example, h=2/3, 1/3, 2/9 and 1/6.) so that the distinctive cusps are attributed to Fermi energy's jumps. Those jumps are understood by the following reason: The total energy band at h=2q/p is divided into the subbands whose number is pq when p and q are mutually prime. If h = f , all subbands are completely lled. Then, upon decreasing h, all subbands are lled when h = f =2. The fundamental oscillation corresponding to the orbit is caused by Fermi energy's jumps at h=f /m. Similarly, for higher harmonics when h=nf /m, (n = 2; 3; 1 1 1 ; m = 1; 2; 3; 1 1 1, but h < 1) Fermi energy's jumps happen. Fig. 4(b) , there are the energy gaps (the gap) which grow from the bottom in the energy band and the gaps (the gap) which grow from 60:7. Periodic Fermi energy's jumps are caused by the and gaps. The period 1/[1(1/h)] of two types of jump are about 1/12 and 2/3. Since they agree with f for M (h) and f for M (h), the and gaps yield the and oscillation respectively. Fig. 4(b) implies that the Fermi energy always stays away from the gap for h 2=9.
We understand the phenomenon of MB as the fact that Fermi energy cannot jump at the gap in the strong magnetic eld. Figs. 4(b) and 4(c) indicate that Fermi energy's jumps for the oscillation occur at 1/h =1/12, 1/24, 1/36. Since the fundamental frequency f for the oscillation is about 1/12, Fermi energy's jumps for the gap occur at h=nf /m, (n=1, 2, 3, 1 1 1, m=1, 2, 3, 1 1 1) . For the gap Fermi energy's jumps occur at h=nf /m.
C. Experiment
From the discussion in Sec. VA, we think that Eddy and Stark's observation [18] of the semi-classically prohibited frequency components in the dHvA oscillation of magnesium is not an artifact but a correct and natural result of the experiment. It can be interpreted as a consequence of the general quantum interference we propose; it does not matter that magnesium is three-dimensional and its Fermi surface is rather complex.
We have established the existence of the dierence frequency component in the dHvA oscillation, which we interpret as a result of the quantum interference between the and oscillations. This quantum interference is also the basic origin of the observed 0 component in the SdH oscillation of the two-dimensional organic conductors. [10,12,14{16] We know of that the 0 component has not been observed yet in the dHvA oscillation in these materials. We suspect it to be due to some extrinsic reason in the experiments, or due to the other reason speculated later.
Let us discuss the temperature reduction. In experiments, one usually derive a parameter called the cyclotron mass from what is called the mass plot, believing the LK formula and the FS theory when the MB occurs. In our calculation, only when the gap parameter v is suciently small, we can t A (T) and A (T) to A FS (T) and A FS (T) by choosing the proper values of the mass in A FS . When v is larger, the t fails whatever value of the mass we choose. Therefore, we should conclude that generally the temperature reduction cannot be related to the band parameter so simply as in the FS theory even for the semi-classically allowed oscillation. Of course, for the semi-classically prohibited oscillation we have no rule at hand to extract material parameters from the temperature reduction.
In -(ET) 2 Cu(SCN) 2 the masses; m , m and m 0 for the , and 0 orbits have also been estimated from the conventional mass plot. [10, 11] As pressure increases whose primary eect on the band structure is to decrease v, slightly changing the overall band width, m (m ) changes drastically by a factor 3.5 (2) within a moderate pressure range. Although they reduce this remarkable result from the mass plot analysis, which seems to work rather well, we again warn that such a procedure is not fully justied, in particular, in the larger v region near ambient pressure. Our result on the magnetization shows that the temperature reduction of the 0 oscillation is larger than that of the oscillation. This result is quite contrasted with the SdH experiment at ambient pressure [10] that the temperature reduction of the 0 oscillation is smaller than that of the the oscillation. We have no denite idea on this discrepancy at present; it might be due to the dierence between the transport and thermodynamic quantities, or due to the dierence between our idealized model and the real substance, such as the weak three-dimensionality, relaxation time, or many-body interactions.
D. Future problems
We have seen that M FS diers substantially from our quantum mechanical calculation for M. This is not surprising at all, once we notice that the FS theory adopts incomplete picture missing the quantum interference. Recall that it is also incomplete even within the semi-classical picture, as commented at the end of Sec. III. Thus, to analyze the experimental results of the MO with MB, we cannot rely on the FS theory. However, we do not have an alternative theory at present. In order to analyze experimental results with condence, we should make the theory as follows, compared with ours: (i) it must be applicable to the more realistic band structure with three-dimensionality; (ii) the dependence on the eld and temperature in the wider or realistic range can be examined; and (iii) it must incorporate the relaxation time, inhomogeneities of the eld and sample, even if we keep away from the many-body interactions.
The numerical calculation such as performed by us seems dicult to be advanced much further if we consider (i)(ii)(iii), because of the restriction of the hardware unless a new ecient algorithm is devised. We think that the reliable calculation of the temperature and eld dependence by the numerical method is quite hard, whereas it would not so difcult to reproduce only the frequencies. For example, we could reproduce the dierence frequency observed in the dHvA oscillation of magnesium [18] if we calculate the magnetization for the two-dimensional hexagonal Fermi surface resembling the one of magnesium. Nonetheless, we have no chance to reproduce the temperature and eld dependence using any two-dimensional models. Therefore, a new analytical theory which is predictive enough without brute force numerical computation is desired. This is the most urgent and important future problem we should aim at.
Finally, we discuss the issue of the thermodynamic versus transport quantities. It seems the consensus that the semi-classically prohibited frequencies appear in the SdH oscillations by what is called the Stark quantum interference. [4] We also accept the idea. Our suspect is, however, that such quantum interference should also aect the density of states and thus the thermodynamic quantity; the quantum interference oscillation in the transport quantity cannot be independent of that in the thermodynamic one. However, considering the past poor observability in the thermodynamic quantity, we might have to nd the reason for it; we speculate as follows. The reduction due to the temperature, relaxation time or inhomogenieties of eld and sample might be greater in the thermodynamic quantity. Our result has indicated it: The temperature reduction of 0 oscillation is faster than that of oscillation in our dHvA calculation, contrary to the SdH experiment. Further, the eect of the many-body interactions might be dierent for the two kinds of the quantities. Lastly, the most crucial condition might come from the three dimensionality. Our model is purely two-dimensional, but the two-dimensionality of the real materials is not perfect, even if it is nearly so. If the extremal and orbits are at dierent k z , the interference between the quantizations of the two orbits would be dicult to have signicant weight in the total density of states. Even in this case, the interference eect might be substantial in the transport quantity, because the electrons are really travelling from orbit to orbit when the quantity is observed. All the above are only our speculation.
In order to clarify these points, we should devise an analytical theory which can describe both of the thermodynamic and transport quantities simultaneously and fulll the conditions (i)(ii)(iii). Then, we will be able to predict in what substance and under what condition the dierence frequency we claim is observable in the magnetization.
Another our future problem is to nd out the 0 oscillation embedded in the band diagram of Fig. 4 . As reviewed in Sec. VB, the and oscillations and their crossover can be explained easily from the band diagram, but the 0 oscillation cannot be. This might be achieved at the same time as the formulation of the desired analytical theory, which is our hope.
On the experimental side, we hope the following: (i) to study again the dHvA oscillation of normal metals such as magnesium and zinc with much more advanced modern experimen-tal techniques, examining carefully the semi-classically prohibited oscillations, and revealing the temperature and eld dependence; and (ii) in organic conductors, to search the quantum interference oscillations more intensively not only in the transport quantity but also in the thermodynamic one, revealing the dierence between the two kinds of the quantities;
In doing so, analyze the data open-mindedly, usually giving up the conventional picture, since our calculation shows that they generally cannot be analyzed in the picture. Show the raw data, if necessary, not only the derived values of the parameters dened in the past theory.
Finally, study the wider variety of materials in the wider range of temperature, eld and pressure. In particular, nd a substance and eld direction such that the extremal and orbits are situated exactly at the same k z which may be conrmed by the three-dimensional band calculation and perform the dHvA experiment under that condition. This would be the best chance of nding the 0 dHvA oscillation. 
